Abstract. The study of the shadowing property has a long history but for interval maps it is rather new. Recent research in this direction is mainly focused on the positive entropy maps and work for zero entropy is still seldom to be found in the literature. In this paper we give a characterization of zero topological entropy maps which have the shadowing property. Moreover, our condition is necessary for any continuous function to have the shadowing property.
Remark 1.5 (cf. Preiss and Smital [13] ). Let f £ C°(I, I) and E(f) = 0.
If / has the shadowing property then / is nonchaotic stable (this means that a perturbed map can be chaotic but the chaos must be small whenever the perturbation is small).
Remark 1.6. If we use the results from [11] , we can easily obtain similar results for continuous maps of the circle.
Necessary conditions
Let / be a compact interval and A a subset of /. Denote by \A\ the diameter of A , int(A) the interior of A , conv(^) the convex hull of A , and A the closure of A.
First we recall the following well-known fact (see [8] (1) \fj(Jk)\<S, but there is x; e P(Jk) such that f2 ~J(\j) = xo-Set x,=/'(x0) for 0<i<;', xj+i = f(Xj) for 0 < i.
We have that {x,}^0 is a r5-chain (see (1) ) and xo = x2*. Now if y £ J then \y -xo| > e and if y £ J then I/2 (y) -x2*| > £ because J n f'(J) = 0 for / e N.
Hence we have found a r5-chain which is not e-shadowed. □ Proposition 2.3. Let f £ C°(I, I) be a degenerate function. Then f does not have the shadowing property.
Proof. Let x £ I, lim,,-,^ fmn(x) = p, [p, q]* be an m-/-nontrapping neighborhood of p, and let there be zi, z2 £ (p, q)* and a neighborhood Ox of x such that (2) [zx,z2Xqtrn(Ox) for all ne {0,1,...}. Hence {x,}"^ is a f5-chain (see (5)). If y $ Ox then |j>-xn| > e (see (3)) and if y £ Ox then f"i+ks(y) < z2 (see (2) and (4)) and so \\"s+ki-fni+ks(y)\ > e (see (3) ).
So our <5-chain cannot be e-shadowed. □ Remark 2.4. Note that we do not use the assumption that E(f) = 0, so Proposition 2.2 and Proposition 2.3 give us a necessary condition for any function from C°(I, I) to have the shadowing property.
Cover system
We begin with Definition 3.1. Let / £ C°(I, I). We will call {M}go a cover system for f if and only if Af, c / is a minimal closed set such that Af, = \Jk€K I'k where I'k is a closed periodic interval with period 2' and, for all p £ Per(/), f2' (p) j= p implies p £ I'k for some k £ Kt. Proof. Let P = {p £ Per(f) n Jk°; f(p)^p} (P # 0 from minimality of M0 ) and Jp = USi /''(conv(orb(p))) for p e P. Let p0, p £ P. We have that We have that zif, z2f £ (pf, qf)*, lim"_00/n(x^) = pf, and there is a neighborhood 0Xf of Xf such that h(0Xf) c Ox .
Because / is nondegenerate, there is «0 £ N such that [zXf, z2f] c fn°(0Xf) and hence we have that [zi, z2] 2. This is a slight variation of [8, Theorem 2] . In [8] there is an assumption that Per(/) is nowhere dense in I and there is a different definition of nondegenerate function.
But from [8, Lemma 7] it is easy to see that we can change the used definition of a nondegenerate function for Definition 1.4.
Moreover, if Per(/) is dense in some interval J c I then we have J c Per(/) (see [13, 4. 1 Lemma]), and hence it is easy to see that / is a degenerate function and does not have the shadowing property. So this assumption is not necessary.
Main Theorem. Let f £ C°(I, I) and E(f) = 0. Then f has the shadowing property if and only if f is a nondegenerate shrink function. Proof. | => | If / has the shadowing property then Propositions 2.2 and 2.3 imply that / is a nondegenerate shrink function.
<= | Let / be a nondegenerate shrink function and e > 0. From Lemma 3.5 there is a cover system {A/,}^0 of /". From Lemma 4.3 there is e* > 0 and i £ N such that if h is a reduction function for Af, and x, y £ I then (7) if \h(x) -h(y)\ < e* then \x-y\<e.
Let / = h(I). From Lemma 4.2 there is g £ C°(J, J) such that hof=goh and g is a nondegenerate function. From Theorem 5.1 we have that g has the shadowing property. Hence there is 8 > 0 such that every (5-chain of g is e*-shadowed by some y* £ J. Now let X.5 = {x,}g0 be a r5-chain of /. Then X*d = {h(xj)}™0 is a r5-chain of g and there is y* £ J such that \g'(y*) -h(xt)\ < e* for all /' > 0.
Let v £ h~x(y*). We have that h(p(y)) = g'(h(y)) = g'(y*) and from (7) we have \f'(y) -x,| < e for all i > 0. □
